NLO CHPT corrections to the transverse muon polarization in Ki2'^ decay. 
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1 Introduction 



Despite considerable success of the Standard Model(SM) in predictions of many experiments 
the question about the mechanism of CP- violation still remains unresolved. In the framework 
of SM CP- violation results from the nonzero phase in CKM matrix, but there are many 
models with different mechanisms of CP- violation. In order to reveal the mechanism of 
this phenomena it is interesting to measure physical observables that are very sensitive to 
CP-violation beyond SM. 

In our paper we will consider transverse muon polarization in fi^wj decay. CP- 

violating contribution to this observable in the framework of SM is negligible. At the same 
time some mechanisms of CP- violation different from that in SM could give considerable 
contribution to the value of the transverse polarization p. That is why it is interesting to 
measure the transverse muon polarization at experiment. 

In addition to the negligible CP- violating contribution the nonzero value of the transverse 
muon polarization in the framework of SM can originate from final state interaction effect 
what can be a real obstacle in a new physics searches. The effect of final state interaction 
was considered in papers [21 El up to 0{p'^) in CHPT. It was shown that the average value 
of the transverse polarization is Pp = 5.6 x 10"'^. Unfortunately, current experiments are 
unable to reach the accuracy comparable to the predictions in the framework of SM( for 
instance the accuracy of KEK-E246 experiment is ~ 10~^j3]) But, future experiments will 
be able measure the transverse muon polarization in fi~^i"-f decay with sufficient 

accuracy. For instance, it is planning to get ~ 10^° events of this decay for one year at the 
experiment JHL0. Such statistic allows one to measure the transverse muon polarization 
with the accuracy ~ 10~^ — 10~^. 

Obviously high accuracy in measurement of the transverse muon polarization imposes 
additional requirements to the theoretical prediction for the value of this observable in the 
framework of SM due to the final state interaction effect. The aim of our paper is to consider 
the effect of final state interaction up to 0{p^) in CHPT. 

Our paper is organized as follows: next section is devoted to calculation of the transverse 
muon polarization up to 0{p^) in CHPT. In last section we present the discussion of the 
results obtained in our paper. 



2 Transverse muon polarization in fi^u^ decay 

The — > n'^i/'f decay at tree level of SM is described by the diagrams shown in Fig. 1. 
The diagrams in Fig. lb and Ic correspond to the muon and kaon bremsstrahlung, while 
the diagram in Fig. la corresponds to the structure radiation. This decay amplitude can be 
written as follows 

where 

G^'^ = iF, e^^'^^qMp - {g^^'ipKq) - pW) , (2) 
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Gp is the Fermi constant, Vus is the corresponding CKM matrix element, Jk is the i^-meson 
leptonic constant, Pk, P^, Pu, 1 are the kaon, muon, neutrino, and photon four-momenta, 
correspondingly, and is the photon polarization vector. and Fa are the kaon vector and 
axial formfactors. Here it is worth to mention that formfactors F^ and Fa do not depend on 
the momentum of virtual H^-boson and are equal to 

rriK rriK 

But if one considers these formfactors at 0{p^) level there appears the dependence on the 
momentum of virtual VT-boson. The calculation of this dependence was carried out in 
paper [7j. Unfortunately it is not possible to use this result since there are many unknown 
constants. That is why the model of vector meson dominance will be used in our calculation: 



-2 
K* 



where the following designations are used: Mk*, Mk^^- the masses of K* and Ki mesons, 
= {Pk In Eq- (2) we use the following definition of Levi-Civita tensor: e*^^^^ = +1. 

The partial width of the — > fi'^wy decay in the iiT-meson rest frame can be expressed 

as 

= ^^^^""^ ^-^ (2vr)32E,(2vr)32E,(2.)32E. ' 

where summation over muon and photon spin states is performed. 

Introducing the unit vector along the muon spin direction in muon rest frame, s, where 
ej [i = L, N, T) are the unit vectors along the longitudinal, normal and transverse compo- 
nents of muon polarization, one can write down the matrix element squared for the transition 
into the particular muon polarization state in the following form: 

|M|2 = po[l + (PlSl + PnSn + PtSt) ■ s\ , (6) 

where po is the Dalitz plot probability density averaged over polarization states. The unit 
vectors can be expressed in terms of the three-momenta of final particles: 

eL = ^ e^v = ^^^^^^ bt = ^^^^ (7) 

With such definition of ej vectors, Pt, Pl, and P/v denote transverse, longitudinal, and 
normal components of the muon polarization, correspondingly. It is convenient to use the 
following variables 

X = , y = — - , A = ^ , = ^ , (8) 

rriK rriK x mj^ 

where and are the photon and muon energies in the kaon rest frame. 
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The Dalitz plot probability density, as a function of the x and y variables, has the form: 
P. = \e'Gl\V^s\' . (^^i^(l-A)(x^ + 2(l-r,)(l-x-^)) 



+ 4 Re(/xF;) m^r^^(A - i; 



+ 4Re(/KF;)m^r^(-2y + x + 2^-^ + 2A) 
+ 2 Re(F,F;) m%x\y - 2A + a;A)) . (9) 



Calculating the muon transverse polarization we follow the original paper [7] and assume 
that the decay amplitude is CP-invariant, and formfactors /x, Py, and Fa are real. In this 
case the tree level muon polarization = 0. When one-loop contributions are incorporated, 
the nonvanishing muon transverse polarization can arise due to the interference of tree-level 
diagrams and imaginary parts of one-loop diagrams, induced by the electromagnetic final 
state interaction. 

To calculate the imaginary parts of formfactors one can use the S-matrix unitarity: 

S+S = 1 (10) 

and, using S = 1 + iT, one gets 

Tj, - = tJ^KfT^i , (11) 

n 

where i, /, n indices correspond to the initial, final, and intermediate states of the particle 
system. Further, using the T-invariance of the matrix element one has 

ImT;, = l5^T:^T„,, (12) 

n 

In the framework of SM one-loop diagrams that contribute to the muon transverse polar- 
ization in the — >■ ii^u"^ decay, are shown in Fig. 2. The calculation of the transverse 
muon polarization up to O(p^) has already been carried out in papers OEI- The calculation 
of O(p^) corrections to the observable will be done taking into the account the dependence 
of the formfactors P^, P^ on the momentum of virtual H^-boson. In other words one should 
carry out similar calculation as was done in papers |2] with the substitution : 



- P I + 



F'a^F!{l + -^). (13) 



The contribution of 0{p^) corrections to the transverse muon polarization can be separated 
into two parts. The calculation of the first part is very simple: one should make substitution 
fll3|) in the expressions obtained in paper [2]. Let us proceed with the calculation of the 
second part. 
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As it was already noted the diagrams that give nonzero contribution to the transverse 
muon polarization are presented in Fig. 2. The diagrams presented in Fig. 2 a,b,e,f do 
not lead to the additional 0{p^) contribution due to the replacement (fT^ . The diagram 
in Fig. 2g will give additional contribution to the the transverse muon polarization if one 
regards O(p^) corrections. But 0{p^) contribution of this diagram is strongly suppressed 
because of suppression of the intermediate state phase space. We will suppose that the 
same suppression holds for 0{p^) contribution of this diagram to the whole answer of 0{p^) 
corrections and we will not regard this diagram in further analysis. As the result the only 
diagrams presented in Fig. 2 c,d will be considered in our paper. Using expression ()12|) it is 
possible to write imaginary parts of these diagrams. The contribution of diagram in Fig. 2c 
has the form 

^-^^ - + / SS:^^^^ + - ^ 

- rn,)r4^^^^l'^l<P.) (14) 



m 



The contribution of diagram in Fig. 2c has the form 

iea Gp _ f d^k^cPk^ 



imM2 = — -|v;Xp.)(i + 75) j -^^^(K + P)R, x 



{K - ^.)/^^ (fc;_Jp_"^. 7^^(p.), (15) 



where we have used the following designation 



R, = w(fc7)"(PA')V + F'airrrYi.iPKk,) - {pK),k,) . (16) 

K* K\ 



The integrals that appear in ()14|) . (fT3jl are given in Appendix. 

The expression for the amplitude including ImMi +ImM2 can be written as: 

M ^ .e^KX [hmM + 7.) ( - |^).(p.) + 

F„«(p,)(l + l,)qi^v{p,) - G^^l^ , (17) 



G^' = iF, e^^'-^qMp - Fa (g^'iPRq) - pW") ■ (18) 

The fxi Fy, Fa, and formfactors include one-loop contributions from the diagrams shown 
in Figs. 2. The choice of the formfactors is determined by the matrix element expansion into 
set of gauge-invariant structures. 

Since we are interested in the contributions of imaginary parts of one-loop diagrams only 
(since they lead to a nonvanishing value of the transverse polarization), we neglect the real 
parts of these diagrams and assume that Re fx, ReF^, ReFa coincide with their tree- level 
values, fx, F^, Fa, correspondingly, and ReF„ = — /i^m^/2(p^g). Using the expresions of 
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the integrals given in Appendix it is not difficult to calculate 0{p^) contribution. But the 
explicit result is rather cumbersome and we will not present it in our paper. 
The muon transverse polarization can be written as 

Pt = ^, (19) 
Po 



Pt = -2m%e^Gl\Vufx^\y - - r^(m^ Im(/xF:)(l - ^ + ^) + 
m, Im(/^F;)(£ _ 1 _ 2^) + 2^ MfKF:){l - A) + 

mix lm{FnF:){X - 1) + mix Im(F„F;)(A - 1)) (20) 

3 Discussion 

For the numerical calculations we use the following formfactor values: 

. 0.16 GeV, . ^. f." ^ . 

rriK fiiK 

The fx formfactor is determined from experimental data on kaon decays (9j, and F^,F^ 
ones are calculated at the one loop-level in the Chiral Perturbation Theory [H]. 

Averaged value of the transverse muon polarization integrated over the physical region 
with the cut on photon energy > 20 MeV is equal to 

(P|^^) = 3 X 10-6 . (21) 

The level curves of 0{p^) corrections to the transverse muon polarization are shown in 
Fig. 3. From this figure one sees that the characteristic value of 0{p^) corrections to the 
observable under consideration is about 10"^ — 10"^. To compare 0{p^) corrections with the 
transverse muon polarization with O(p^) result obtained in paper j2] the three-dimensional 
distribution and level curves of the muon transverse polarization are shown in Fig. 4 and 
Fig. 5. 
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Appendix 



For the the integrals which contribute to ()14|) and (fT3j) . we use the following notations: 

P = Pt, + q 

It should be noted that most of integrals in expressions (fT^ and (fT3j) were calculated in 
paper P]. There are only two integrals to be calculated. The first integral has the form: 



dpk^k^k'^ = ai^{g''^P' + g'^'P" + g^'P'^) + h^P^'P^P' 



It is easy to express the coefficients 014, 614 through the coefficient 013, that was determined 
in paper [2]: 

_ jP' - ml) 

"14 - ^ «13 , 

(P2 _ ml) 
- -3 — ^p^p — ai3 

Second integral has the form: 

I dp-, V\P-^ = a6(^?"V^ + ^?"V + ^?"V^)+ (22) 

\P^l ~ '^■y) ~ m^ 

b(i{g'"^P''PP + g^'^P'^pf + g'^PP^P'' + gl^'^P^pP + gPpp^p- + g'^Pp^pP) + 

c%{g''^v''P + g'^^'v'^P + ^"^t;^" + + /''w"" + g'^Pv''^) + 

"615' PpPij. + 9 Pi_iPiM + 9 Pi_iPiM + 9 PimP^j. + 9 PiJiPtx + 9 Pf^Pf^) + 

e^P^pPp^pp + fQ(p'^pi^p''pp^ + p'^p^pi^pp + pyf^^p^'pp + p'^P'^P^'pp) + 

hipy^PiP' + py.py', + Pip%p', + p>2px) + ^^vy,PiP% 

where the following designation was used: = + p'^P^ ■ The coefficients in this 

integral can be expressed through the integrals calculated in paper |2]: 

(23) 



k = 


Pp^. 3 P2 

C5 , 65 
Pt^Q 4:Pf,q 


de = 


Pp(l (r> ■ \ 
3P2 ^^Pp ^5 ^e) 


he = 


-^(P/.? C5-Pp^.^) 


96 = 


2p2 (Pm? es Pp;. /l6 C?6 


C6 = 


-^(2^P/. 96 + ml he) 



{be + 2ml 



1 . o „ 1 



[m 
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Fig. la 
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Fig.2a 



Fig.2b 





Fig. 3 
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Fig. 4 




Fig. 5 
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